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Abstract 



Motivated by questions from quantum group and field theories, we review struc- 
tures on manifolds that are weaker versions of Poisson structures, and variants of 
the notion of Lie algebroid. We give a simple definition of the Courant algebroids 
and introduce the notion of a deriving operator for the Courant bracket of the dou- 
ble of a proto-bialgebroid. We then describe and relate the various quasi-Poisson 
structures, which have appeared in the literature since 1991, and the twisted Poisson 
structures studied by Severn and Weinstein. 

Introduction 

In 1986, Drinfeld introduced both the quasi-Hopf algebras, that generalize the Hopf 
algebras defining quantum groups, and their semi-classical limits, the Lie quasi- 
bialgebras. This naturally led to the notion of quasi-Poisson Lie groups which I 
introduced in [Hj [1H1- 

A quasi-Hopf algebra is a bialgebra in which the multiplication is associative but 
the co-multiplication is only co-associative up to a defect measured by an element 
$ in the triple tensor product of the algebra. Similarly, the definitions of the Lie 
quasi-bialgebras and the quasi-Poisson Lie groups involve a given element in /\ 3 g, 
where q is the underlying Lie algebra, which Drinfeld denoted by ip. In a Lie quasi- 
bialgebra, the bracket is a Lie bracket because it satisfies the Jacobi identity, but 
the compatible cobracket is not a true Lie bracket on the dual of q, because it 
only satisfies the Jacobi identity up to a defect measured by the element ip. On a 
quasi-Poisson Lie group, there is a multiplicative bivector field, ir, whose Schouten 
bracket, [tt,tt], does not vanish, but is also expressed in terms of if. The desire 
to understand the group-valued moment maps and the quasi-hamiltonian spaces of 
Alekseev, Malkin and Meinrenken [3j in terms of Poisson geometry led to the study 
of the action of quasi-Poisson Lie groups on manifolds equipped with a bivector 
field [l]. A special case of a quasi-Poisson structure on a Lie group occurs when 
the bivector vanishes and only ip remains, corresponding to a Lie quasi-bialgebra 
with a trivial cobracket. The quasi-Poisson manifolds studied in |2j are manifolds 
equipped with a bivector, on which such a quasi-Poisson Lie group acts. 
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Recently, closed 3-form fields appeared in Park's work on string theory [42j . 
and in the work on topological field theory of Klimcik and Strobl, who recognized 
the appearance of a new geometrical structure which they called WZW-Poisson 
manifolds [25]. They chose this name because the role of the background 3-form 
is analogous to that of the Wess-Zumino term introduced by Witten in a field 
theory with target a group, and more recently they proposed to shorten the name 
to WZ-Poisson manifolds. Shortly after these publications circulated as preprints, 
Severa and Weinstein studied such structures in the framework of Courant algebroid 
theory, calling them Poisson structures with a 3-form background. They are defined 
in terms of a bivector field ir and a closed 3-form, denoted by 92 in |48| . but which 
we shall denote by tp to avoid confusion with the above. Again tt is not a Poisson 
bivector - unless tp vanishes, in which case the Poisson structure with background 
reduces to a Poisson structure -, its Schouten bracket is the image of the 3-form 
ip under the morphism of vector bundles defined by tt, mapping forms to vectors. 
Severa and Weinstein also called the Poisson structures with background ^-Poisson 
structures, or twisted Poisson structures. This last term has since been widely used 
EH EH H2] HH • nence the word "twisted" in the title of this paper. It is justified by 
a related usage in the theory of "twisted sheaves" , and we shall occasionally use this 
term but we prefer Poisson structure with background because, in Drinfeld's theory 
of Lie quasi-bialgebras, the words "twist" and "twisting" have a different and now 
standard meaning. Section [4. II of this paper is a generalization of Drinfeld's theory 
to the Lie algebroid setting. 

The theory of Lie bialgebras, on the one hand, is a special case of that of the Lie 
bialgebroids, introduced by Mackenzie and Xu [SHI- It was shown by Roytenberg 
|44j that the "quasi" variant of this notion is the framework in which the Poisson 
structures with background appear naturally. Lie algebras, on the other hand, are 
a special case of the Loday algebras. Combining the two approaches, we encounter 
the Courant algebroids of Liu, Weinstein and Xu jSSjj or rather their equivalent 
definition in terms of non-skew-symmetric brackets. 

We shall present these a priori different notions, and shall show how they can be 
related. In Section^ we give a brief overview of the various theories just mentioned. 
In particular we define the proto-bialgebroids and the Lie quasi-bialgebroids, which 
generalize the Lie quasi-bialgebras, as well as their duals, the quasi-Lie bialgebroids. 
In Section [21 we give a simple definition of the Courant algebroids, which we prove 
to be equivalent to the usual definition [33] [331 (Theorem I2.1j) . Liu, Weinstein 
and Xu [25j showed that the construction of the double of Lie bialgebroids can be 
accomplished in the framework of Courant algebroid theory by introducing Manin 
triples for Lie bialgebroids. Along the lines of [H], we extend these considerations 
to the case of proto-bialgebroids and, in particular, to both "quasi" cases. Thus, we 
study the more general Manin pairs for Lie quasi-bialgebroids. This is the subject 
of Section [21 where we also introduce the notion of a deriving operator (in the spirit 
of [HOI and [22]) for the double of a proto-bialgebroid, and we prove an existence 
theorem ( Theorem 13. 2[) . Section0]is devoted to the study of examples. The twisting 
of Lie quasi-bialgebroids by bivectors generalizes Drinfeld's twisting of Lie quasi- 
bialgebras, and leads to the consideration of the quasi-Maurer-Cartan equation, 
which generalizes the quasi-Poisson condition. One can twist a quasi-Lie bialgebroid 
with a closed 3-form background by a bivector, and the Poisson condition with 
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background appears as the condition for the twisted object to remain a quasi-Lie 
bialgebroid. 

The world of the "quasi" structures which we explore here is certainly nothing 
but a small part of the realm of homotopy structures, L^, Goo, etc. See, in partic- 
ular, [21] and the articles of Stasheff [201 > Bangoura [Zj and Huebschmann 21 j. We 
hope to show that these are interesting objects in themselves. 
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1 A review 

Before we mention the global objects such as the generalizations of the Poisson Lie 
groups, we shall recall their infinitesimal counterparts. 

1.1 Lie quasi-bialgebras, quasi-Lie bialgebras and proto- 
bialgebras 

We shall not review all the details of the structures that are weaker versions of the 
Lie bialgebra structure, but we need to recall the definition of Lie quasi-bialgebras. 
It is due to Drinfeld [TK] . while in [2H] and [E] the dual case, that of a quasi-Lie 
bialgebra, and the more general case of proto-bialgebras (called there "proto-Lie- 
bialgebras") are treated. A proto-bialgebra structure on a vector space F is defined 
by a quadruple of elements in /\'(F © F*) ~ C°°T* (LTF), where II denotes the 
change of parity. We denote such a quadruple by (/i, 7, cp, ip), with \x : /\ 2 F — > F, 
7 : f\ 2 F* — > F*, tp € /\ 3 F, ip G A 3 F*. This quadruple defines a proto-bialgebra if 
and only if {p, + 7 + ip + ip, p, + 7 + tp + ip} = 0, where { , } is the canonical Poisson 
bracket of the cotangent bundle T*(TIF), which coincides with the big bracket of 
A* (F © F*) [2Hj. This condition is equivalent to the five conditions which we shall 
write below in the more general case of the proto-bialgebroids (see Section fl. 5 j) . If 
either ip or p vanishes, there remain only four non-trivial conditions. When ip = 0, 
the bracket is a Lie bracket, while the cobracket only satisfies the Jacobi identity 
up to a term involving p, and we call the proto-bialgebra a Lie quasi- bialgebra. 
When <p = 0, the bracket only satisfies the Jacobi identity up to a term involving ip, 
while the cobracket is a Lie cobracket, and we call the proto-bialgebra a quasi-Lie 
bialgebra. Clearly, the dual of a Lie quasi-bialgebra is a quasi-Lie bialgebra, and 
conversely. 

Drinfeld only considered the case ip = 0. In the English translation of [15] . what 
we call a Lie quasi-bialgebra in this paper was translated as a quasi-Lie bialgebra, 
a term which we shall reserve for the object dual to a Lie quasi-bialgebra. In fact, 
it is in the dual object, where (p = and ip 7^ that the algebra structure is only 
"quasi-Lie". As another potential source of confusion, we mention that in [43] and 
[44] . the element in A 3 F* that we denote by ip is denoted by tp, and vice- versa. 

Any proto-bialgebra ((F, F*),fj,, 7, tp, ip) has a double which is d = F © F*, with 
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the Lie bracket, 

[x, £] = -[£, x] = -ad^x + ad*/£ , 
[€> V] = HAnf + 7($i v) ■ 

Here x and y £ F, and £ and rj E F*. 

Any Lie bialgebra has, associated with it, a pair of Batalin-Vilkovisky algebras 
in duality. The extension of this property to Lie quasi-bialgebras, giving rise to 
quasi-Batalin-Vifkovisky algebras in the sense of Getzler |18j . has been carried out 
by Bangoura 0. There is a notion of quasi-Gerstenhaber algebra (see |44j). and 
Bangoura has further proved that quasi-Batalin-Vilkovisky algebras give rise to 
quasi-Gerstenhaber algebras 0. For a thorough study of these notions in the general 
algebraic setting, see Huebschmann These "quasi" algebras are the simplest 
examples of Goo- and -BVoo-algebras, in which all the higher-order multilinear maps 
vanish except for the trilinear map. 

1.2 Quasi-Poisson Lie groups and moment maps with 
values in homogeneous spaces 

The global object corresponding to the Lie quasi-bialgebras we have just presented 
was introduced in and called a quasi-Poisson Lie group. It is a Lie group with 
a multiplicative bivector, ttg, whose Schouten bracket does not vanish (so that it is 
not a Poisson bivector), but is a coboundary, namely 

^ Kg, ttg] = <p L -(p R , 

where ip L (resp., (p R ) are the left- (resp., right-) invariant trivectors on the group with 
value ip £ /\ 3 g at the identity. In pQ, we considered the action of a quasi-Poisson Lie 
group (G,iTG,ip) on a manifold M equipped with a G-invariant bivector tt. When 
the Schouten bracket of ir satisfies the condition 

(1-1) 2^'^ = {f>M ' 

we say that (M, tt) is a quasi-Poisson G-space. Here ipM is the image of the element 
(p in /\ 3 q under the infinitesimal action of the Lie algebra q of G on M. The quasi- 
Poisson G-space (M, n) is called a hamiltonian quasi-Poisson G-space if there exists 
a moment map for the action of G on M, which takes values in D/G, where D is 
the simply connected Lie group whose Lie algebra is the double t) = q* of the 
Lie quasi-bialgebra q. See |T] for the precise definitions. 

Two extreme cases of this construction are of particular interest. The first 
corresponds to the case where the Lie quasi-bialgebra is actually a Lie bialgebra 
((£> = 0), i.e., the Manin pair with a chosen isotropic complement defining the Lie 
quasi-bialgebra is in fact a Manin triple. Then G is a Poisson Lie group and D/G 
can be identified with a dual group G* of G. The moment maps for the quasi- 
hamiltonian G-spaces reduce to the moment maps in the sense of Lu 37_ that take 
values in the dual Poisson Lie group, G*. The second case is that of a Lie quasi- 
bialgebra with vanishing cobracket (7 = 0), to be described in the next subsection. 
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1.3 Quasi-Poisson manifolds and group- valued moment 
maps 

Assume that G is a Lie group acting on a manifold M, and that q is a quadratic 
Lie algebra, i.e., a Lie algebra with an invariant non-degenerate symmetric bilinear 
form. We consider the bilinear form in © q defined as the difference of the copies 
of the given bilinear form on the two terms of the direct sum. Let be diagonally 
embedded into © 0. Then (g © q, q) is a Manin pair, and we choose the anti- 
diagonal, {(x,—x)\x E g}, as a complement of q C © g. The corresponding Lie 
quasi-bialgebra has vanishing cobracket, because the bracket of two elements in 
the anti-diagonal is in the diagonal, and therefore the bivector of the quasi-Poisson 
structure of G is trivial. With this choice of a complement, p is the Cartan trivector 
of 0. In this way, we obtain the quasi-Poisson G '-manifolds described in \2 r They 
are pairs, (M, w), where n is a G-invariant bivector on M that satisfies equation 
with ip the Cartan trivector of 0. The group G acting on itself by means of 
the adjoint action is a quasi-Poisson G-manifold, and so are its conjugacy classes. 
The bivector ttg on G is ^2 a Ae^, where e a is an orthonormal basis of 0. Because 
the homogeneous space D/G of the general theory is the group G itself in this case, 
the moment maps for the hamiltonian quasi-Poisson manifolds are group-valued. 
Those hamiltonian quasi-Poisson manifolds for which the bivector tt satisfies a non- 
degeneracy condition are precisely the quasi-hamiltonian manifolds of Alekseev, 
Malkin and Meinrenken 

1.4 Lie bialgebroids and their doubles 

Lie bialgebroids were first defined by Mackenzie and Xu [3H] • We state the definition 
as we reformulated it in j^H]- To each Lie algebroid A are associated 

• a Gerstenhaber bracket, [ , ]a, on r(/\* A), 

• a differential, 4a, on T(/\* A*). 

A Lie bialgebroid is a pair, (^4,^4*), of Lie algebroids in duality such that d^* is a 
derivation of [ , ]a, or, equivalently, dA is a derivation of [ , ]a*- 

Extending the construction of the Drinfeld double of a Lie bialgebra to the 
case of a Lie bialgebroid is a non-trivial problem, and several solutions have been 
offered, by Liu, Weinstein and Xu |3S] m terms of the Courant algebroid A © A* , 
by Mackenzie in terms of the double vector bundle T*A ~ T*A*, and by 
Vaintrob (unpublished) and Roytenberg HH in terms of super manifolds. We 
shall describe some properties of the first and third constructions in Section |31 

1.5 Lie quasi-bialgebroids, quasi-Lie bialgebroids, proto- 
bialgebroids and their doubles 

We call attention to the fact that we shall define here both "Lie quasi-bialgebroids" 
and "quasi-Lie bialgebroids" and that, as we explain below, these terms are not 
synonymous. We extend the notations of JH]) |Hj to the case of Lie algebroids. 

A proto-bialgebroid (A, A*) is defined by anchors pa and pa*, brackets [ , }a and 
[ , ]a*, and elements p G r(/\ 3 A) and if) G r(/\ 3 A*). By definition, 
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• The case ip = is that of Lie quasi-bialgebroids (A is a true Lie algebroid, 
while A* is only "quasi"), 

• The case (p = is that of quasi-Lie bialgebroids {A* is a true Lie algebroid, 
while A is only "quasi"). 

• The case where both ip and ip vanish is that of the Lie bialgebroids. 

While the dual of a Lie bialgebroid is itself a Lie bialgebroid, the dual of a Lie 
quasi-bialgebroid is a quasi-Lie bialgebroid, and conversely. 

Whenever A is a vector bundle, the space of functions on T*HA, where II denotes 
the change of parity, contains the space of sections of /\* A, the yl-multivectors. In 
particular, the sections of A can be considered as functions on TTIA Given the 
canonical isomorphism, T*UA* ~ T*UA, the same conclusion holds for the sections 
of /\* A*, in particular for the sections of A* . 

A Lie algebroid bracket [ , ]a on a vector bundle A over a manifold M is defined, 
together with an anchor pA ■ A — > TM, by a function p on the supermanifold 
T*IL4 (@3] jS] [SI] EH)- Let { , } denote the canonical Poisson bracket of the 
cotangent bundle. The bracket of two sections x and y of A is the derived bracket, 
in the sense of |3U] , 

[x,y] A = {{x,p},y} , 

and the anchor satisfies 

Pa(x)/ = {{x,p},f} , 

for / G C°°(M). When (A, A*) is a pair of Lie algebroids in duality, both [ , ]a 
together with pa, and [ , ]a* together with pa* correspond to functions, denoted by 
p and 7, on the same supermanifold T*UA, taking into account the identification 
of T*HA* with T*HA. The three conditions in the definition of a Lie bialgebroid 
are equivalent to the single equation 

{p + 7, p + 7} = . 

More generally, the five conditions for a proto-bialgebroid defined by (p, 7, (p, ip) 
are obtained from a single equation. By definition, a proto-bialgebroid structure on 
(A, A*) is a function of degree 3 and of Poisson square on T*IIA As in the case of 
a proto-bialgebra, such a function can be written p + 7 + (p + tp, where (p G T /\ 3 ^4 
and ^6r/\ 3 A*, and satisfies 

(1.2) { / u + 7 + ( / j + V,M + 7 + 9? + ^} = 0- 

The definition is equivalent to the conditions 





= 0, 




= 0, 


1(7,7} + {/*, V?} 


= 0, 




= 0, 


{7M 


= . 



• When ((^4, ^4*), p, 7, ip, 0) is a Lie quasi-bialgebroid, ((A, A*), p,j) is a Lie 
bialgebroid if and only if {p, (p} = 0. 

• Dually, when ((^4, ^4*), p, 7, 0, ip) is a quasi-Lie bialgebroid, ((A, A*), p, 7) is a 
Lie bialgebroid if and only if {7, ip} = 0. 
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Remark In the case of a proto-bialgebra, (F,F*), the operator {/j,, . } generalizes 
the Chevalley-Eilenberg coboundary operator on cochains on F with values in /\* F. 
In the term {/j,, <p}, tp should be viewed as a 0-cochain on F with values in /\ 3 F, 
and {/i, (/?} is an element in L* £g> /\ 3 F. So is {7,7}, which is a trilinear form on 
F* with values in L 1 * whose vanishing is equivalent to the Jacobi identity for 7. In 
the term {fi,?p}, tp should be viewed as a 3-cochain on F with scalar values, and 
{fx, if)} is an element in /\ 4 F* . Reversing the roles of F and F* , one obtains the 
interpretation of the other terms in the above formulas. 

1.6 Poisson structures with background (twisted Pois- 
son structures) 

The WZW-Poisson structures introduced by Klimcik and Strobl [25] were studied 
by Severa and Weinstein in 2001 J3B]) who called them Poisson structures with back- 
ground, and also twisted Poisson structures. Roytenberg has subsequently shown 
that they appear by a twisting of a quasi-Lie bialgebroid by a bivector [Hj . We 
shall review this approach in Section |1J The integration of Poisson structures with 
background into quasi- symplectic groupoids is the subject of recent work of Bursz- 
tyn, Crainic, Weinstein and Zhu (T^ and of Cattaneo and Xu ^2j- in addition, Xu 
|55j has very recently extended the theory of momentum maps to this setting. 

1.7 Other structures: Loday algebras, omni-Lie alge- 
bras 

There are essentially two ways of weakening the properties of Lie algebras. One 
possibility is to introduce a weakened version of the Jacobi identity, e.g., an identity 
up to homotopy: this is the theory of Loo-algebras. The relationship of the Courant 
algebroids to Loo-algebras was explored in [15] . 

Another possibility is to consider non-skew-symmetric brackets: this is the the- 
ory of Loday algebras, which Loday introduced and called Leibniz algebras. A Loday 
algebra is a graded vector space with a bilinear bracket of degree n satisfying the 
Jacobi identity, 

(1.3) [x, [y, z] = [[x, y],z] + (-l)(W+-XM+«)[y, [ x , z }] , 

for all elements x, y and z, where |x| is the degree of x. In Section [21 we shall 
describe the Loday algebra approach to Courant algebroids, in which case there is 
no grading. 

The "omni-Lie algebras" introduced by Weinstein in provide an elegant way 
of characterizing the Lie algebra structures on a vector space V in terms of the graph 
in V x gl(V) of the adjoint operator. In the same paper, he defined the (R, A) C- 
algebras, the algebraic analogue of Courant algebroids, which generalize the (R, A) 
Lie algebras (also called Lie-Rinehart algebras or pseudo-Lie algebras), and he posed 
the question of how to determine the global analogue of an "omni-Lie algebra" . In 
(23], he and Kinyon explored this problem and initiated the search for the global 
objects associated to generalized Lie algebras, that would generalize Lie groups. 
They proved new properties of the Loday algebras, showing in what sense they can 
be integrated to a homogeneous left loop, i.e., to a manifold with a non-associative 
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composition law, and they showed that the Courant brackets of the doubles of 
Lie bialgebroids can be realized on the tangent spaces of reductive homogeneous 
spaces. These global constructions are inspired by the correspondence between 
generalized Lie triple systems and non-associative multiplications on homogeneous 
spaces. (Some of the results of Bertram 9 might prove useful in the search for 
global objects integrating generalized Lie algebras.) For recent developments, see 
Kinyon's lecture [23] . 

1.8 Generalized Poisson brackets for non-holonomic me- 
chanical systems 

Brackets of the Poisson or Dirac type that do not satisfy the Jacobi identity appear in 
many geometric constructions describing non-holonomic mechanical systems. There 
is a large literature on the subject; see for instance [22] ^S] and their references. 
It would be very interesting to study how these constructions relate to the various 
structures which we are now considering. In his lecture [SHI) Marsden showed how 
to state the non-holonomic equations of Lagrangian mechanics in terms of isotropic 
subbundles in the direct sum of the tangent and cotangent bundles of the phase 
space, T*Q, of the system under consideration. He calls such subbundles Dirac 
structures on T*Q. Yet, it is only when an integrability condition is required that 
these structures become examples of the Dirac structures to be mentioned in the 
next section. 

2 Courant algebroids 

The construction of the double of a Lie bialgebra with the structure of a Lie algebra 
does not extend into a construction of the double of a Lie bialgebroid with the 
structure of a Lie algebroid, because the framework of Lie algebroid theory is too 
narrow to permit it. While it is not the only solution available, the introduction of 
the new notion of Courant algebroid permits the solution of this problem. 

The definition of Courant algebroids, based on Courant 's earlier work Jl], is 
due to Liu, Weinstein and Xu |55j . It was shown by Roytenberg 03] that a Courant 
algebroid can be equivalently defined as a vector bundle E —* M with a Loday 
bracket on TE, an anchor p : E — > TM and a field of non-degenerate, symmetric 
bilinear forms ( | ) on the fibers of E, related by a set of four additional properties. 
It was further observed by Uchino |5U| and by Grabowski and Marmo ^5] that 
the number of independent conditions can be reduced. We now show that it can 
be reduced to two properties which are very natural generalizations of those of a 
quadratic Lie algebra. In fact, (i) and (ii) below are generalizations to algebroids 
of the skew-symmetry of the Lie bracket, and of the condition of ad-invariance for 
a bilinear form on a Lie algebra, respectively. 

Definition 2.1 A Courant algebroid is a vector bundle E — ► M with a Loday 
bracket on TE, i.e., an ^.-bilinear map satisfying the Jacobi identity, 

[x, [y,z]] = [[x,y],z] + [y, [x,z\] , 
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for all x,y,z S TE, an anchor, p : E — > TM , which is a morphism of vector 
bundles, and a field of non- degenerate symmetric bilinear forms ( | ) on the fibers 
of E, satisfying 

(i) p(x)(u\v) = (x | [u,v] + [v,u]) , 

(ii) p(x)(u\v) = ([x,u] | v) + (u | [x,t>]) , 

/or a// x, u and v £ TE 1 . 

Remark Property (i) is equivalent to 

(0 ^p( x )(y\y) = ( x \[y,y}) 

(which is property 4 of Definition 2.6.1 in |43| . and property 5 of Section 1 in |48j). 
The conjunction of properties (i) and (ii) is equivalent to property (ii) together with 

(i") (x\[y,y]) = ([x,y]\y) 

(which is property 5 in Appendix A in |47j ) . 

We now prove two important consequences of properties (i) and (ii) which 
have been initially considered to be additional, independent defining properties of 
Courant algebroids. 

Theorem 2.1 In any Courant algebroid, 

(iii) the Leibniz rule is satisfied, i.e., 

[xjy] = f[x,y] + (p(x)f)y , 
for all x and y <ETE and all f G C°°(M), 

(iv) the anchor, p, induces a morphism of Loday algebras from TE to T(TM), i.e., 
it satisfies 

p([ x ,y}) = [px,py] , 

for all x and y € TE. 

Proof The proof of (iii), adapted from [^0], is obtained by evaluating p(x)(fy\z) in 
two ways. We first write, using the Leibniz rule for vector fields acting on functions, 

p(x){fy\z) = {p(x)f)(y\z) + fp(x)(y\z) . 

Then, using property (ii) twice, we obtain 

([x,fy]\z) + (fy\[x,z}) = (p(x)f)(y\z) + f([x,y]\z) + f(y\[x, z\) . 

and (iii) follows by the non-degeneracy of ( | ). 

The proof of (iv) is that of the analogous property for Lie algebroids (see, e.g., 
[HH]). It is obtained by evaluating [x, [y,fz]], for z £ TE, in two ways, using both 
the Jacobi identity for the Loday bracket [ , ] and (iii). □ 

It follows from the Remark together with Theorem 12. II and from the arguments 
of Roytenberg in 43. that our definition of Courant algebroids is equivalent to that 
of Liu, Weinstein and Xu in [35] . 
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A Dirac sub-bundle (also called a Dime structure) in a Courant algebroid is a 
maximally isotropic sub-bundle whose space of sections is closed under the bracket. 

Courant algebroids with base a point are quadratic Lie algebras. More generally, 
Courant algebroids with a trivial anchor are bundles of quadratic Lie algebras with 
a smoothly varying structure. 

The notion of a Dirac sub-bundle in a Courant algebroid with base a point 
reduces to that of a maximally isotropic Lie subalgebra in a quadratic Lie algebra, 
in other words, to a Manin pair. We shall show that a Courant algebroid together 
with a Dirac sub-bundle is an appropriate generalization of the notion of a Manin 
pair from the setting of Lie algebras to that of Lie algebroids. 

A deep understanding of the nature of Courant algebroids is provided by the 
consideration of the non-negatively graded manifolds. This notion was defined and 
used by Kontsevich Severa [37] (who called them N-manifolds) and T. Voronov 
|52| . In 13^]) Roytenberg showed that the non-negatively graded symplectic man- 
ifolds of degree 2 are the pseudo-euclidian vector bundles, and that the Courant 
algebroids are defined by an additional structure, that of a homological vector field, 
associated to a cubic hamiltonian O of Poisson square 0, preserving the symplectic 
structure. The bracket and the anchor of the Courant algebroid are recovered from 
this data as the derived brackets, [x,y] = {{x,@},y} and p{x)f = {{x,0}, /}. T. 
Voronov 52^ studied the double of the non-negatively graded Q-P-manifolds which 
are a generalization of the Lie bialgebroids. 

3 The double of a proto-bialgebroid 

We shall now explain how to generalize the construction of a double with a Courant 
algebroid structure from Lie bialgebroids to proto-bialgebroids. 

3.1 The double of a Lie bialgebroid 

Liu, Weinstein and Xu have shown that complementary pairs of Dirac sub- 
bundles in a Courant algebroid are in one-to-one correspondence with Lie bialge- 
broids: 

If E is a Courant algebroid, if E = A(BB, where A and B are maximally isotropic 
sub-bundles, and if r^4 and TB are closed under the bracket, then 

• A and B are in duality, B ~ A*, 

• the bracket of E induces Lie algebroid brackets on A and B ~ A*, with 
respective anchors the restrictions of the anchor of E to A and A*, 

• the pair (A, A*) is a Lie bialgebroid. 

Conversely, if (A, A*) is a Lie bialgebroid, the direct sum A © A* is equipped 
with a Courant algebroid structure such that A and A* are maximally isotropic sub- 
bundles, and TA and T(A*) are closed under the bracket, the bilinear form being 
the canonical one, defined by 

{x + £\y + rj) = < £, y > + < r), x > , 

for x and y S TA, £ and r\ G F(A*). 
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3.2 The case of proto-bialgebroids 

The construction which we just recalled can be extended to the proto-bialgebroids 
Let A be a vector bundle. Recall that a proto-bialgebroid structure on (A, A*) 
is a function of degree 3 and of Poisson square on T*FIA, that can be written 
fj, + 7 + ip + where <p G F(/\ s A) and V £ L(/\ 3 A*), and /j (resp., 7) defines a 
bracket and anchor on A (resp., A*). 

The Courant bracket of the double, A © A*, of a proto-bialgebroid, (A, A*), 
defined by (/j, 7, <p, is the derived bracket, 

[x + £, y + 77] = {{x + £, At + 7 + + y + 77} . 

Here x and y are sections of A, £ and 77 are sections of A*, and [x + £, y + 77] is a 
section of A © ^4*. (The right-hand side makes sense more generally when x and y 
are A- multivector s, and £ and 77 are 74*-multivectors, but the resulting quantity is 
not necessarily a section of /\*(A A*).) 
The anchor is defined by 

{{x + e, // + 7 + y + /} = {{*, m>, /} + iu, 7}, /} = (pa(x) + PA * (0)(f) , 

for / G C°°(Af). We set [x,y] M = {{x,/4,y} and [£,t?] 7 = {{£,7}^}- The associ- 
ated quasi- differentials, and d 7 , on r(/\* A*) and r(/\*^4) are 

d fi = {P, ■ } and d 7 = {7, • } , 

which satisfy 

{d^f + {d^, • } = , (d 7 ) 2 + {d^, • } = . 

We denote the interior product of a form a by a multivector x by i x a, with the 
sign convention, 

and we use an analogous notation for the interior product of a multivector by a 
form. The Lie derivations are defined by L x = [ixjd^] and Lj = [i^,dy\. We find, 
for x and y G FA, £ and 77 G F(A*), 

(3.1) [x,y] = [x,y] M + i xAy ip , 

(3.2) [x,£] = -%d 7 x + L££ , 

(3.3) [£,x] = L|x - i x d^ , 
(3-4) [£, 77] = i iAv ip + [£, ??] 7 , 

that is, 

[x + £, y + r/] = [x, y] M + Ljy - t^x + % Ar? ^ + [£, 77] 7 + ££77 - i y d^ + . 

These formulas extend both the Lie bracket of the Drinfeld double of a proto- 
bialgebra [S] , recalled in Section II. H and the Courant bracket of the double of a Lie 
bialgebroid |35] . 
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3.3 Deriving operators 

If £ is a section of A* , by we denote the operation of exterior multiplication by £ 
on r(/\* j4*). In this subsection, the square brackets [ , ] without a subscript denote 
the graded commutators of endomorphisms of A*). 

Definition 3.1 We say that a differential operator T> on T(/\ 9 A*) is a deriving 
operator for the Courant bracket of A © A* if it satisfies the following relations, 



(3-5) [[i x ,V],i y ] = ifa y]it + e ixAyi> , 

(3.6) j e$] = -i kdl x + e L £ f , 

(3-7) [[e c , V], i x ] = i L i x - e lxd ^ , 

(3-8) [[et.,V},e, n ] = i k ^ + . 



If we identify x € TA with i x <G End(r(A* A*)), and £ G T(A*) with e ? £ 
End(r(/\* A*)), the preceding relations become 

[[x,V],£] = -%z<L 1 x + IJ& , 
[[£,V],x] = Ljx - i x d^ , 

[[£,£>], 77] = » fA ,y» + [£, r?] 7 , 

so that the Courant bracket defined in Section [3.21 can also be written as a derived 
bracket [3U| 

Remark With the preceding identification, the relation i x e^ + e^i x = < £,x > 
implies that 

(x + £)(y + v) + (y + v)( x + = ( x + €\y + ??) • 

This shows that T(/\' A*) is a Clifford module of the Clifford bundle of A © A*, the 
point of departure of Alekseev and Xu in [3]. 

Does the Courant bracket of a proto-bialgebroid admit a deriving operator? We 
first treat the case of a Lie bialgebroid. The space T(f\* A*) has the structure of a 
Gerstenhaber algebra defined by 7. We shall assume that this Gerstenhaber algebra 
admits a generator in the following sense [31] • 

Definition 3.2 Let [ , ] A be any Gerstenhaber bracket on an associative, graded 
commutative algebra (A, A). An operator, d, on A is a generator of the bracket if 

[u,v] A = (-l) lul (d(uAv)-duAv-(-l) lul uAdv) , 

for all u and v € A. In particular, a Batalin-Vilkovisky algebra is a Gerstenhaber 
algebra which admits a generator of square 0. 

Lemma 3.1 If d is a generator of bracket [ , ] A) then, for all u and v 6 A, 

(3.9) [e u ,d] = e du - [u, . ] A , 
and 

(3.10) [[e u ,<9],e„] = -e [u>v]A , 
where e u is left A-multiplication by u G A. 
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Proof The first relation follows from the definitions by a short computation, and the 
second is a consequence of the first, since 

[[e u ,d],e v ] = [e du -[u, ■ ] A , e v ] = -[[u, ■ ] A , e v ] = -e[ UiV \ A , 

for all u and v G A. □ 

Theorem 3.1 If d* is a generator of the Gerstenhaber bracket ofT(/\ 9 A*), then 
d^i — is a deriving operator for the Courant bracket of A © A* . 

Proof We consider various operators acting on sections of f\ m A*. We recall from 
jSU (see (S3 for the case A = TM) that, for any x G TA, 



X 



(3.11) [i x , <9*] = -idy 
We shall also make use of the following relations, 

(3-12) [e i ,d IJ ] = e d ^ , 
for f G A*, 

(3.13) [i tt ,e e ] = , 
for any u G T(/\* A), and 

(3-14) [e c ,i,] = (-l)^ +1 e^, 

for all C G r(A'i*). 

1) Let x and y be in TA. We compute [i x , — <9*] = L% + x , whence 

This proves (|3.5j) . corresponding to (|3.1|l . 

2) Let x be in r^4 and let £ be in T(A*). We compute 

[[ia,,^ - 9*],e e ] = [L£,e s ] + [u^eg] = e L ^ - . 

This proves ()3.6j) . corresponding to (|3.2|l . 

3) Since 0* is a generating operator of [ , ] 7 , (j3,9[) is valid and therefore 

(3.15) [eg,<9*] = e&, 5 - [£, • ] 7 . 

Since <9*£ is of degree 0, eg t £ commutes with i x . Therefore 
[[e^df, - d*],i x ] = [e d £,i x ] - [e dti ,i x ] + [[£, ■ ] 7 , i x ] = -e ixd ^ + [[£, • ] 7 



Let us now prove that the derivation [[£, • ] 7 ,i x ] of r(/\* A*) coincides with the 
derivation ij? x . In fact, they both vanish on 0-forms, and on a 1-form a, 

[C,«xa] 7 - ^[C,«] 7 = /°A*(£) <«,£>-< [£,a] 7 ,x > , 



while 

^Ljx( a ) = < o, Ljx > = < a, i^d-fX > + < a, d 7 < £, x » 
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= d~(X(£, a) + d y < £, x > (a) = pa* (£) < a, x > — < [£, a] 7 , x > . 

Thus 

and l|3.7|) . corresponding to (j3.3|) . is proved. 
4) Let £ and r/ be sections of A*. Then 

[[e^rf M ],e^] = [e d/1 £,e^] = , 

while, by (pTTOjl . 

[[e{,a»],e„] = -e K) ,j 7 , 

proving (j3.8|) . corresponding to ([3.4)1 . □ 

We now turn to the case of a proto-bialgebroid, defined by p £ r(/\ 3 ^4) and 
V> € r(/\ 3 A*). The additional terms in the four expressions to be evaluated are 

1) = 0' an d [[*a;j e i>]i i>y\ = [ e ix^^y\ = e i x r\ y ->l>- 

2) [[ix.,v],e 5 ] =0, and [%, e^], e f ] = [e^e^] =0. 

3) [[eg,^],^] = [ii (V> ,i x ] = 0, and [[e^, e^], =0. 

4) [[e ? ,v],e^] = [ii^,e v ] = i i(Av(p , and [[e^, e^], e v ] = 0. 
Therefore, we can generalize Theorem 13. II as follows. 

Theorem 3.2 If d* is a generator of the Gerstenhaber bracket of T(J\° A*), then 
d^ — d^+i,p + e^ is a deriving operator for the Courant bracket of the double, A@A*, 
of the proto-bialgebroid {A, A*) defined by ip £ r(/\ 3 A) and ip € r(/\ 3 A*). 

It is clear that the addition to a deriving operator of derivations i xo and e^ of 
the associative, graded commutative algebra T(/\* A*) will furnish a new deriving 
operator. The importance of the notion of a deriving operator comes from the fact 
that, if we can modifiy d^ and <9* by derivations of T(/\* A*) in such a way that the 
deriving operator has square 0, then the Jacobi identity for the resulting non-skew- 
symmetric bracket follows from the general properties of derived brackets that were 
proved in [30] . 

Let (^4, p) be a Lie algebroid, let (A, A*) be the triangular Lie bialgebroid defined 
by a bivector n € T(/\ 2 A) satisfying [ir, 7r] M = 0, and let d n = [tt, . ] M be the 
differential on T(/\* A) (see Section 14.1.11 below). We assume that there exists a 
nowhere vanishing section, u, of the top exterior power of the dual. Let d u be the 
generator of the Gerstenhaber bracket of ^4) defined by v, which is a generator 
of square 0. We set 

X v = 8 U TT . 

Then, x v is a section of A, which is called the modular field of (^4, ^4*) associated 
with v [HJ. We shall now give a short proof of the existence of a deriving operator 
of square for the Courant bracket of the dual of (A, A*). 

Theorem 3.3 The operator d n — d u + e Xl/ is a deriving operator of square of the 
Courant bracket of the double of the Lie bialgebroid (A*, A). 
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Proof By definition, the Laplacian of the strong differential Batalin-Vilkovisky al- 
gebra (r(/\* A), d v , d n ) is [dx, d u ], and we know that it satisfies the relation 

[d n ,d u ]=Ll . 

(See jH^, and [HI] for the case of a Poisson manifold.) Since, by Theorem I3.2| the 
operator d^ — d v is a deriving operator, and since this property is not modified by the 
addition of the derivation e Xu , it is enough to prove that the operator d n — d u + e Xu 
is of square 0. In fact, since both d n and d u are of square 0, 

— [dir — d v , d n — d v \ = —L Xv = — [x v , ■ ]n . 

Therefore 

— [d w d v + &x v ; d w d v -\- &xv\ — v-^vi ' \n \&x v i d-n-] \&x v i du] • 

By (EH, \e Xv A^\ — 6d x 3;„) which vanishes since x v leaves tt invariant, while by 
(13.15|) . [e Xu ,d v ] = ea u x v ~ [x v , • ]fj,- In addition, d v x v = 0, since x u = d u ir and d u 
is of square 0. Therefore the square of d n — d u + e Xv vanishes. □ 

In particular, if (M, it) is a Poisson manifold, we obtain a deriving operator of 
square of the Courant algebroid, double of the Lie bialgebroid (T*M,TM), dual 
to the triangular Lie bialgebroid (TM, T*M). 

More generally, Alekseev and Xu 4 consider deriving operators of the Courant 
bracket of a Courant algebroid whose square is a scalar function, which they call 
"generating operators" (but which should not be confused with the generating op- 
erators of Batalin-Vilkovisky algebras). They show that there always exists such a 
generating operator for the double of a Lie bialgebroid, (A, A*), and that its square 
is expressible in terms of the modular fields of A and A* (see Theorem 5.1 and 
Corollary 5.9 of |H). It is easily seen that the case of a triangular Lie bialgebroid is 
a particular case of their theorem and corollary, in which the generating operator 
is equal to the deriving operator of Theorem 13.31 and the square of the generat- 
ing operator actually vanishes. In fact, in the case of a triangular Lie bialgebroid 
(A, A*), the Laplacian [da,d^] of the strong differential Batalin-Vilkovisky algebra 
(T(/\* ^4*), 8^, dfj) vanishes because = [i n , and therefore the modular field of 
A vanishes. In addition, x v = ^Xq, where Xq is the modular field of A* |16| and 
d u x u = 0. Hence, in the expression for the square of the generating operator given 
in [I], both terms vanish. 

4 Examples 

We shall first analyze various constructions of Lie bialgebroids, Lie quasi-bialgebroids 
and quasi-Lie bialgebroids, then we shall consider the Courant brackets in the theory 
of Poisson structures with background. 
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4.1 Twisting by a bivector 



4.1.1 Triangular Lie bialgebroids 

Let (A, fx) be a Lie algebroid, and let vr be a section of /\ 2 A. On the one hand, 
such sections generalize the r-matrices and twists of Lie bialgebra theory, and on 
the other hand, when A = TM, such sections are bivector fields on the manifold M. 
By extension, a section of /\ 2 A is called an A-bivector, or simply a bivector. 

Let vr" be the vector bundle map from T(A*) to defined by 7r^(^) = ie7r, for 
£ G r(j4*). Consider the bracket on A* depending on both fx and vr defined by 

(4.1) [e, ??w = ^ - £ V - ??)) , 

for £ and 77 G The following relation generalizes the equation 7 = — d„r 

which is valid in a coboundary Lie bialgebra. 

Theorem 4.1 Sei 

(4.2) 7 Mi7r = {vr, fx} = -{fx, vr} . 
Then 

(i) i/ie associated quasi- differential on r(/\* A) is 

(4.3) ^ = [vr, • ]„ ; 

(ii) bracket [£,7?]^,7r, defined by formula ()4.1|) . is e^ua/ to £/ie derived bracket, 

{{£,7/vrW ; 

(iii) i/, m addition, 

(4-4) <^ = -i[vr,vr] /t , 

£/ien ((A, j4*),/x,7„ )7r ,9?,0) is a Lie quasi-bialgebroid. 

Proof The proof of (i) is a straightforward application of the Jacobi identity. To 
prove (ii) it suffices to prove that the quasi-differential d w is given by the usual 
Cartan formula in terms of the anchor vr" and the Koszul bracket (|4.1|) . This now 
classic result was first proved by Bhaskara and Viswanath in in the case of 
a Poisson bivector on a manifold, when A = TM and [ir, vr]^ = 0. We proved it 
independently, and in the general case, in - To prove (iii), use the relations 
{fx, fx} = 0, and {fx,j^ t7T } = which follows from (J4.2() and the Jacobi identity. 
Moreover {{fx, ir}, {fx, ir}} = {fx, [vr,vr] M }, whence 5 {7^, 7m,t} + {/*>rf = 0, and 

-2{7avt, ¥>} = {U, fi}, [tt, vr^} = [vr, [vr, vr]^ = . 

Thus the four conditions equivalent to (|1.2j) are satisfied. □ 
The square of a\ does not vanish in general, 

(d n ) 2 + [<p, ■ ] M = . 
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A necessary and sufficient condition for ((A, A*),/i, 7 Mi7r ) to be a Lie bialgebroid 
is the generalized Poisson condition, 

(4.5) d M ([7r,7ry = 0, 

which includes, as a special case, the generalized classical Yang-Baxter equation, and 
which is equivalent to the conditions to be found in [33], page 74, and in Theorem 
2.1 in [HI. 

A sufficient condition is that tt satisfy the Poisson condition, 

(4.6) [vr,7r] M = 0, 

which generalizes both the classical Yang-Baxter equation and the definition of 
Poisson bivectors. This condition is satisfied if and only if the graph of tt is a 
Dirac sub-bundle of the standard Courant algebroid, A © A*, the double of the 
Lie bialgebroid with trivial cobracket, ((A, A*), n,0). (See Jl] for the case where 
A = TM, and HS|.) The Lie bialgebroid defined by (A,tt), where tt satisfies (|4.6(l 
is called a triangular Lie bialgebroid . 

By Theorem 13.21 a deriving operator for the Courant bracket of the double of 
the Lie quasi-bialgebroid ((A, A*), /x, 7^, — \[tt, ir]^, 0) is 

d^i d-ir ~t~ iip > 

where d w is the graded commutator [i w , d^], and 93 = — ^[ir, ir]^. In fact [31] [23], d w 
generates the bracket [ , ]^ i7r of A* . If it satisfies the Poisson condition (|4.6|) . then 
dfi — <9tt is a deriving operator. 

Dually, {{A*, A), 7^, /i, 0, ip), with ip = — i[-7r, 7r] M , is a quasi-Lie bialgebroid, 
and ((A* , A), 7^, fi) is a Lie bialgebroid if and only if tt satisfies equation 1J4.5JI . 



4.1.2 Twisting of a proto-bialgebroid 

The Lie quasi-bialgebroid (A, A*) and the dual quasi-Lie bialgebroid (^4*, ^4) are the 
result of the twisting by the bivector tt of the Lie bialgebroid with trivial cobracket, 
((A, A*), ^,0). The operation of twisting, in this general setting of the theory of Lie 
algebroids, was defined and studied by Roytenberg in He showed that one can 
also twist a proto-bialgebroid, ((A, A*), fj,, 7, (p, tp), by a bivector tt. The result is a 
proto-bialgebroid defined by (/i^, 7^., i/^,., ?//.), where 

(4.7) /4 = n + ttV , 

(4.8) 7 ; = 7 + 7/1)7r + (A V)V> , 

(4.9) ^ = ^-d r 7r--[7T,7r] M + (AV)^ , 

(4.10) < = V • 

Here 7r" , i/> is the ^4-valued 2-form on A such that 

(TT^)(x,y)(C) =ip(x,y,ir t £) , 
for all £ € T(A*), and (/\ 2 7r^)?/> is the A*-valued 2-form on A* such that, 



17 



for all x € TA, while (/\ 3 7r")V> is the section of /\ 3 A such that, for £, r\ and £ £ r(^4*), 



((AV)^)(^r ?J C)=V'(^,A,^C) • 

A computation shows that the tensors introduced above satisfy the relations 

(AV)^ = i{7r J {7r,^}} , 
o 

These relations are used to prove that ((A, A*), fj,' n , 7^., <p' n ,ip) is a proto-bialgebroid. 

This proto-bialgebroid is a Lie quasi-bialgebroid if and only if ip = 0, that is, if 
the initial object itself was a Lie quasi-bialgebroid. 

It is a quasi-Lie bialgebroid if and only if ip'^ = 0, that is, 

(4.11) <^-d 7 7r-i[vr,7r] M + (AV)^ = . 



We now list the particular cases of this construction that lead to the various 
integrability conditions to be found in the literature. 

(a) Twist of a Lie bialgebroid: (/x, 7, 0,0) \-* (/i, 7 + 7^, — d 7 7r — i[?r, 7r] M , 0). 
The result is a Lie quasi-bialgebroid, furthermore it is a Lie bialgebroid if and only 
if the bivector tt satisfies the Maurer- Cartan equation, 

(4.12) d 7 7r + -[7r )7 r] M = . 

This condition is satisfied if and only if the graph of tt is a Dirac sub-bundle of the 
Courant algebroid, A(BA*, the double of the Lie bialgebroid ((A, A*), fi, 7, 0, 0) [551 . 
A necessary and sufficient condition for ((A, A*), //, 7 + 7^) to be a Lie bialgebroid 
is the weaker condition, d^dyir + |[tt, 71"]^) = 0. 

If the cobracket 7 of (^4, ^4*) is trivial, to (/x, 0, 0, 0) there corresponds the quadru- 
ple (/i, 7^,71-, —ft^, tt]/^ 0): this is the case studied in Section 14.1.11 We know that the 
result is a Lie quasi-bialgebroid, and it is a Lie bialgebroid if and only if tt satisfies 
the Poisson condition (|4.6|) . and that ((^4, A*), /x, 7^ j7r ) is a Lie bialgebroid if and 
only if the bivector tt satisfies the generalized Poisson condition (|4.5|) . 

If the bracket [i of (A, A*) is trivial, to (0, 7, 0, 0) there corresponds the quadruple 
(0, 7, —d^ir, 0), which gives rise to a Lie bialgebroid if and only if 

(4.13) dryir = 0, 

which means that the bivector tt on A is closed, when considered as a 2- form on A* . 

(b) Twist of a Lie quasi-bialgebroid: (^,7,(^,0) 1— > (/i, 7 + 7^, c^4, 0), where 
ip'^ = ip — d-fir — i[7r, 71"]^. The result is a Lie quasi-bialgebroid, furthermore it is a 
Lie bialgebroid if and only if the bivector tt and the 3-vector <p satisfy the quasi- 
Maurer- Cartan equation, 

(4.14) d y TT + = ip . 
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A necessary and sufficient condition for the pair ((A, A*),fj,, 7 + 7^ i7r ) to be a Lie 
bialgebroid is the weaker condition, d^ip 1 ^ = 0. 

Assume that the cobracket 7 of (^4,^4*) is trivial. Then, in order for (n,0, (p, 0) 
to define a Lie quasi-bialgebroid, the 3-vector p must satisfy {/U, p>} = 0. In this 
case, condition (|4.14jl reduces to 

(4-15) ^[ir,ir]^ = p, 

which is a quasi-Poisson condition, analogous to (jl.ll) . 

(c) Twist of a quasi-Lie bialgebroid: (/x, 7, 0, ip) 1— > (fi' n ,^/' n ,p' n ,ip), where /u^. = 

+ 7T a ^, 7^ = 7 + 7^ j7r + (A 2 ^)ip and = -dj^ ~ \ I 71 ", An + (A 3 t^) - ^- Tne result 
is a proto-bialgebroid, furthermore it is a quasi-Lie bialgebroid if and only if the 
bivector tt and the 3- form ip satisfy the Maurer- Cartan equation with background ip 
or ip- Maurer- Cartan equation, 

(4.16) <Vr + i[7r,7r] M = (aV)^ . 

Assume that the cobracket 7 of (A, A*) is trivial. Then, in order for (/j,,0,0,ip) 
to define a quasi-Lie bialgebroid, the 3-form ip must be d^-closed. In this case, 
condition (|4.16l) reduces to the Poisson condition with background ip or ip-Poisson 
condition, 

(4.17) i[vr,vr] M = (AV)^, 

to be found in ^ and HE]. 

We shall now consider in greater detail two particular cases of the above con- 
struction of a Lie quasi-bialgebroid from a given Lie quasi-bialgebroid equipped with 
a bivector. 

4.1.3 Lie quasi-bialgebras and r-matrices 

When the base manifold of a Lie algebroid is a point, it reduces to a Lie algebra, 
= (F, fi). An element in /\ 2 F can be viewed as a /\ 2 F- valued 0-cochain on q. The 
triangular r-matrices are those elements r in /\ 2 F that satisfy [r, r]n = 0. Let us 
explain why the twisting defined by a bivector generalizes the operation of twisting 
defined on Lie bialgebras, and more generally on Lie quasi-bialgebras, by Drinfeld 
[To] , and further studied in and [Sj. 
In this case, formula Q4.1JI reduces to 

(4-18) = -(d»r)(Z, V ) . 

Here d^r is the Chevalley-Eilenberg coboundary of r, a 1-cochain on q with values 
in /\ 2 g. This formula is indeed that of the cobracket on F, obtained by twisting 
a Lie bialgebra with vanishing cobracket by an element r E /\ 2 F (see |15] |2E]). 
Formulas (|4.3|) and (|4.4|) also reduce to the known fomulas. 

Then ((F, F*), [i, —d^r) is a Lie bialgebra if and only if d^[r, r]^ = 0, i.e., if 
and only if r satisfies the generalized classical Yang-Baxter equation. A sufficient 
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condition is that r satisfy the classical Yang-Baxter equation, [r, r]a = 0, in which 
case r is a triangular r-matrix. 

In this purely algebraic case, the Courant bracket of F © F* is skew-symmetric, 
and therefore is a true Lie algebra bracket. It satisfies 

[x, £] = — [£, x] = —i^d-yX + i x d^ = -ad*^x + ad* x ^ , 

and therefore coincides with the bracket of the Drinfeld double. 

A deriving operator for the Lie bracket of the Drinfeld double of a Lie proto- 
bialgebra ((F,F*),fj,,"f,cp,tp) is d^ — d^ + i^ + e^, where d^ (resp., <9 7 ) is the general- 
ization of the Chevalley-Eilenberg cohomology (resp., homology) operator of (F, fj.) 
(resp., (F*, 7)) to the case where the bracket fi (resp., 7) does not necessarily satisfy 
the Jacobi identity. 

4.1.4 Tangent bundles and Poisson bivectors 

When A = TM, the tangent bundle of a manifold M , a section tt of /\ 2 A is 
a bivector field on M. Let /iLie be the function defining the Lie bracket of vector 
fields, and more generally the Schouten bracket of multivector fields. The associated 
differential is the de Rham differential of forms, which we denote by d. In this 
case, we denote the bracket of forms, defined by formula (|4.1j) above, simply by 
[ , ] n and the function 7^ simply by 7^. Thus ((TM, T*M), fiue, 1-w, f, 0), with 
ip = — |[7r,7r], is a Lie quasi-bialgebroid, and if [tt, tt] = 0, i.e., tt is a Poisson 
bivector, then ( (TM, T*M), flue, 7?r) is a Lie bialgebroid. The bracket [ , ] n is then 
the Fuchssteiner-Magri-Morosi bracket ^7] [10], its extension to forms of all degrees 
being the Koszul bracket |34j . 

A deriving operator for the Courant bracket of the double, TM © T*M, of the 
Lie bialgebroid of a Poisson manifold is d — d^, where d n = [i n ,d] is the Poisson 
homology operator, defined by Koszul and studied by Huebschmann [2111, and often 
called the Koszul-Brylinski operator. Indeed, it is well known that the operator 
generates the Koszul bracket of forms. This was in fact the original definition given 
by Koszul in |34| . This deriving operator is of square 0. 

We can also consider the dual object. Whenever tt is a bivector field on M, 
((T*M, TM), 7-n-, /iLie; 0, tp), with ip = — i[7r,7r], is a quasi-Lie bialgebroid, which, 
when 7r is a Poisson bivector, is the Lie bialgebroid dual to (TM,T*M). 

If M is orientable with volume form v, a deriving operator for the Courant 
bracket of the double, T*M © TM, is d^ — d v , where d v = — * -1 d * (here, * is the 
operator on forms defined by u). In fact, the operator d u generates the Schouten 
bracket of multivector fields [STJ . To obtain a deriving operator of square 0, we 
must add to d — d u the derivation ex v , where X v is the modular vector field of the 
Poisson manifold (M, tt) associated with the volume form v. In the non-orientable 
case, one should introduce densities as in [IB] . If tt is invertible, with inverse O, then 
d = [in , d w ] generates the Schouten bracket and therefore d w — d is a deriving 
operator of square for the Courant bracket of T*M © TM. 
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4.2 The Courant bracket of Poisson structures with back- 
ground 

4.2.1 The Courant bracket with background 

Let (A, li) be a Lie algebroid and let ip be a 3-form on A, a section of /\ 3 A*. Then, 
as we remarked in Section r4.1.2( ((A, A*), fj,, 0, 0, ip), is a quasi-Lie bialgebroid if and 
only if the 3-form ip is c^-closed, 

d„ip = . 

This is the most general quasi-Lie bialgebroid with trivial cobracket. By definition, 
the functions fi and ip satisfy {fi, li} = and {fi, ip} = 0, so that li defines a Lie 
algebroid bracket, but we obtain a Lie bialgebroid if and only if ip = 0. 

The bracket of the double A © A* (in the case of TM © T*M) was introduced 
by Severa and Weinstein [IB] who called it the modified Courant bracket or the 
Courant bracket with background ip. This bracket satisfies 

[x, y] = [x, y] M + ixAyip , [x, £] = L%£ , [£, x] = -i x d^ , [£, rj\ = , 
that is 

[x + £, y + rj\ = [x, y)n + L%i] - iyd^i + i xAy tp . 

By Theorem 13, 2| eL + is a deriving operator of the Courant bracket with 
background ip. 

In the case of a Lie algebra, (F,li), [x,£] = —[£,x] = adT^. 

Remark In [Hj, we considered the case of the most general Lie quasi-bialgebra 
with trivial cobracket. Similarly, one can consider the Lie quasi-bialgebroids of the 
form (^,0,(^,0), with {li,ll} = and {li, ip} = 0, and the Courant bracket with 
background <p, a 3-vector in this case, 

[x, y] = [x, y] M , [x, £] = , [£, x) = -i x d^ , [£, r{\ = i xAy cp , 

so that 

[x + £,y + T]} = [x, y],j, + i xAy ip + L£r? - i y d^ . 
This case is not dual to the preceding one. 

4.2.2 Twisting of the Courant bracket with background 

Let ((A, A*), Lt, 0, 0, ip) be a quasi-Lie bialgebroid with trivial cobracket, where ip 
is the background d^-closed 3-form. For the corresponding Courant bracket with 
background, we shall describe the twisting defined as above by a section n of /\ 2 A. 
The twisting of this quasi-Lie bialgebroid, a special case of the that described in 
Section I4.1.21 yields a proto-bialgebroid whose structural elements depend on fi,ip 
and 7T, and which we shall denote by (ju,7, tp, ip), 

ju = fi + n*ip , 

7 = 7m,7t + (aV)V> , 

^=--[7r,7r] M + (A 3 7r tt )V' , 

ip = ip . 
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We have seen in Section I4.1.2f c) that the resulting twisted object is a quasi-Lie 
bialgebroid if and only if ip = 0, i.e., n satisfies the ip-Poisson condition (|4.17|) . 

-[tt,^ = (AV)^ • 

It was shown in 48 that this condition is satisfied if and only if the graph of ir is 
a Dirac sub-bundle in the Courant algebroid with background, A ® A* , the double 
of the quasi-Lie bialgebroid ((A, A*), [i, 0, 0, ip). This constitutes a generalization of 
the property valid in the usual case, reviewed in Section 14.1.11 where ip = and 
condition (|4.17|) reduces to the usual Poisson condition. 

The associated derivations, on A*) and on A), are 

<% = dfx + Vtt^, , 

d 7 = I 71 "; ' 1a« + i (A 2 7rtt)v> • 

Because \{Ji, Jj.} = — {7, V 7 }, the derivation d^ does not have vanishing square in 
general. On the other hand, whenever ir satisfies the -0-Poisson condition, d~ is a 
true differential and 7 defines a true Lie bracket on r(^4*), and a true Gerstenhaber 
bracket on T(/\° A*), the modified Koszul bracket. 

We now consider the Courant bracket of the associated double, the 7r-twisted 
Courant bracket with background The mixed terms are = —i^d^x + 
and [£, x] = Ljx — i x d^, therefore 

(4.19) [x,y] = [x,y} IM + (JiP)(x,y) , 

(4.20) [x, £] = -if [7T, x] M - (7r tt V)(a;, 7r tt 6 + + i x /\n«^ + dfi < £, x > , 

(4.21) [£, x] = %[tt, s]^ + (7r tt V)(a;, 7r B £) + [vr, < £, x >] M - i x d^ - i xAn ^tp , 

(4.22) [f , 77] = [£, r?] M)7r + i^ (Air t v if> ■ 

In particular, for -0 = 0, we obtain the Courant bracket of the double of the 
twist by 7r of the Lie bialgebroid with trivial cobracket, ((A, A*), fj,, 0), considered 
in Section 14.1.11 Therefore, whenever tt satisfies the generalized Poisson condition 
()4.5|) . the above formulas yield the Courant bracket of the double of the Lie bialge- 
broid ((^4, ^4*), /i, 7 Mi 7r). In the purely algebraic case, we recover the Drinfeld double 
of a coboundary Lie bialgebra, defined by r, an r-matrix solution of the generalized 
Yang-Baxter equation. Setting r(£) = i^r, and using the relation i x d^ = ad^^, we 
obtain 

[x, y] = [x, y}^ , 

= = -L{ad*/Q + ad%(rO + ad*/£ , 

[Z, V ] = adHr ] -ad* t ^. 

To conclude, we prove a property of the Lie bracket defined by 7 on T(^4*). 

Proposition 4.1 If, ir satisfies the tjj-Poisson condition, the mapping 7r" is a mor- 
phism of Lie algebroids fom A* with the Lie bracket (|4.22j) to A with the Lie bracket 
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Proof It is clear that the anchor of A* is pa ° 7r' 



'K To prove that 7r" satisfies 



(4.23) 



7T%7,] = [TT^,^V] 



for all £ and 77 € we recall the relation, 



(4.24) 



7T%*7W ~ [vr £, 7T Ty]^ = -[^,^^(£,7/) 



proved in |33| . In view of ([4.22)1 . where the bracket of A* is expressed in terms of 
[ , ]n 7T and and of the equality, 



we see that, when it satisfies the -0-Poisson condition (|4.17|) . equation (|4.23l) follows 



Conclusion 

In the preceding discussion, we have encountered various weakenings and general- 
izations of the usual notions of Lie bialgebra, Lie algebroid and Poisson structure 
that have appeared in the literature, starting with Drinfeld's semi-classical limit of 
quasi-Hopf algebras, and up to the recent developments due in great part to Alan 
Weinstein, his co-workers and his former students. We hope to have clarified the 
relationships and properties of these structures. 
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